We prove the existence of 3-periodic orbits in a dynamical system associated to a Landen transformation previously studied by Boros, Chamberland and Moll, disproving a conjecture on the dynamics of this planar map introduced by the latter author. To this end we present a systematic methodology to determine and locate analytically isolated periodic points of algebraic maps. This approach can be useful to study other discrete dynamical systems with algebraic nature. Complementary results on the dynamics of the map associated with the Landen transformation are also presented.
Introduction
Given a definite integral depending on several parameters, a Landen transformation is a map on these parameters that leaves invariant the integral. In [1, 2] , G. Boros and V. Moll introduced the dynamical system given by
5a n + 5b n + a n b n + 9 (a n + b n + 2) 4/3 , b n+1 = a n + b n + 6 (a n + b n + 2) 2/3 , c n+1 = d n + e n + c n (a n + b n + 2) 2/3 , d n+1 = (b n + 3)c n + (a n + 3)e n + 2d n a n + b n + 2 , e n+1 = c n + e n (a n + b n + 2) 1/3 , 
that is, I(a n+1 , b n+1 , c n+1 , d n+1 , e n+1 ) = I(a n , b n , c n , d n , e n ). This dynamical system contains a 2-dimensional uncoupled subsystem. M. Chamberland and V. Moll in [3] , related the convergence of the integral (1) with the dynamics given by the iteration of the planar, non invertible map associated to it:
G(a, b) := 5a + 5b + ab + 9 (a + b + 2) 4/3 , a + b + 6 (a + b + 2) 2/3 .
In particular they proved that the map G has only three fixed points, characterizing their nature, and they also proved that the region of the (a, b)-plane where the integral (1) converges is the basin of attraction of the fixed point (3, 3) .
In Section 3 we will give a brief description of the known results about the dynamics of the map G. In Section 4 we prove our main result, Theorem 1. Consider the map G.
(a) It has exactly three fixed points. A super-attracting point in (3, 3) , an oscillatory saddle in the boundary of the basin of attraction of (3, 3) and an unstable focus.
(b) It has not periodic points with minimal period 2.
(c) It has exactly twelve periodic points of minimal period 3, that correspond with four 3-periodic orbits.
For completeness we include in its statement the results about fixed points already proved in [3] . In fact, in that paper it is also proved that there are no periodic points with minimal period 2 above the line a + b + 2 = 0. Our statement (b) extends their result to the whole plane.
As we will see, item (c) disproves a conjecture about the dynamics of this map, see [11, Conj. 15.6.3] or Section 3. We will also determine analytically the location of the 3-periodic orbits.
Although it is easy to find 3-periodic points numerically, when trying to prove their existence there appear important computational obstacles. Thus, to prove the existence of 3-periodic points of G, as well as the non-existence of 2-periodic points, we have developed a procedure to determine analytically the number of isolated periodic points of discrete dynamical systems of algebraic nature and locate them with a prescribed precision. This method consists in the following four steps:
• Convert the problem into an algebraic one, characterizing the periodic points as the solutions of a system of polynomial equations.
• Include these solutions into the ones of an uncoupled system of equations given by onevariable polynomials.
• Combine an algorithm based on the Sturm's method for isolating the real roots of a onevariable polynomial with a discard procedure for systems of polynomial equations in order to efficiently remove those solutions of the later system that do not correspond with the periodic points.
• The application of the Poincaré-Miranda theorem to prove that the non discarded solutions are actual solutions of the first system of polynomial equations and, in consequence, give rise to periodic points.
This procedure is explained in detail in next section. Recall that the Poincaré-Miranda theorem is essentially the extension of Bolzano theorem to higher dimensions. It was stated by H. Poincaré in 1883 and 1884, and proved by himself in 1886, [12, 13] . In 1940, C. Miranda re-obtained the result as an equivalent formulation of Brouwer fixed point theorem, [10] . Recent proofs are presented in [8, 15] . We also recall this theorem in Section 2.
As a complement, in Section 5 we characterize the stable set associated to the fixed point of G of saddle type, and we provide an analytic-numeric study that gives evidences of the existence of homoclinic trajectories associated to it, as well as of the existence of some points in the intersection of the unstable set of this fixed point and the non-definition set of the map, which recall that it is formed by all the preimages of the straight line a + b + 2 = 0.
Determination of periodic points of discrete dynamical systems
We consider a discrete dynamical system defined by a map F : U ⊆ R k → U where U is an open set. Fix p ∈ N and assume that it has finitely many p-periodic points. These points are characterized by the real solutions of the system of k equations given by F p = Id. Let us suppose that the solutions of the above system are in correspondence with the ones of a new system of n ≥ k non-trivial polynomial equations given by
where x = (x 1 , . . . , x n ) are not necessarily the k-independent variables of F. Suppose also that using some algebraic transformations, like for instance successive resultants between the given equations, we reach an uncoupled polynomial system whose set of solutions contains all the solutions of system (2):
To clarify with an example the above situation we sketch here the systems involved in the computation of the 3-periodic points of the map G. The k = 2 equations corresponding to
can be transformed into a new system of n = 3 polynomial equations (see system (11) ) in the new variables m, n, r given by (10) . This new system plays the role of system (2), and its solutions are in correspondence with the periodic points, by forthcoming Lemma 4. Lemma 5 will show that the solutions of system (11) are included in the set of solutions of the uncoupled system {d 17 (m) = d 17 (n) = d 17 (r) = 0}, where d 17 is a polynomial of degree 371 introduced in (12) . This system plays the role of system (3).
In this setting, the proposed methodology applies in the cases where we do not know how to obtain explicitly the solutions of systems (2) or (3) and follows the next steps:
Step 1: By using an algorithm based on the Sturm's method ([14, Chap. 5.6]) and for each polynomial q j , it is possible to isolate and count all its real roots by finding intervals with preset maximum length and rational ends, each one of them containing only one isolated root. For each j = 1, 2, . . . , n, let k j be the number of real roots of q j , without counting their multiplicities, and
. . , k j the found intervals, such that each one of them contains exactly one of these roots. Proceeding in this way we obtain that the set of solutions of system (2) is contained in the set formed by n j=1 k j boxes (n-dimensional orthohedrons), of the form
where each m j ∈ {1, . . . , k j }, for j = 1, . . . , n.
Step 2: In order to detect those boxes that do not contain any solution of system (2) we apply a discard procedure to each box I m 1 ,...,mn . This procedure is inspired in a technique used in [4] . To prove that a certain polynomial P (x) has no zeros in a given box I m 1 ,...,mn , that for the sake of simplicity we denote as I, we proceed as follows:
• We numerically evaluate P at the center of I. If, compared with the working precision, this value is far from zero, we suspect that P restricted to I has a given sign. According whether this value is positive or negative we continue with one of next two steps.
• For trying to prove that P (x) > 0 for all x ∈ I, we search a L such that 0 < L < P (x)
(ii) If I ⊂ O + we can always take a number ξ > 0, ξ ∈ Q such that the new box
and then find bounds for P on I, using the bounds given in item
We try to apply the discard procedure until the number of remaining boxes coincides with our hopes. These hopes usually came from a previous numerical study of the problem. We start trying to prove that the first function f 1 does not vanish in the given box. It may happen that it is easier to try to prove the same with another f j . Notice also that sometimes to discard a box we must go to the Step 1 and start with smaller boxes.
Step 3: Once it is achieved an optimized list of non-discarded boxes, we identify those boxes that correspond to either fixed points or periodic points with a period being a divisor of p, which we assume that we already know, and we also discard them.
Step 4: From the non-discarded boxes list obtained in the previous step, we try to show that each box actually contains a solution by applying the Poincaré-Miranda theorem. For completeness, we recall it. As usual, B and ∂B denote, respectively, the closure and the boundary of a set B ⊂ R n .
Suppose that f = (f 1 , f 2 , . . . , f n ) : I → R n is continuous, f (x) = 0 for all x ∈ ∂I, and for
Then, there exists s ∈ I such that f (s) = 0.
It is clear that when we define f to try to apply Poincaré-Miranda theorem, the order of the components matters. So, sometimes to be under the hypotheses of the theorem it is better to consider f = (f σ 1 , f σ 2 , . . . , f σn ) for some permutation σ. In fact, more in general, it is convenient to apply the theorem to A(f (x)) t , where A is a suitable n × n invertible matrix. When f is differentiable, as we will see it is useful to chose A = (Df ( s)) −1 , where s ∈ Q n is a numerical approximation of a zero of f in I.
If we succeed in proving that there is at least a solution in each box, its uniqueness is given by the fact that each of the intervals I j,m contains only a single solution of each polynomial q j .
Otherwise we can refine boxes, taking them with smaller size, and then repeating the computations in Step 1.
3 An overview of the dynamics of G
In this section we briefly summarize the known results on the dynamics of the map G and we characterize their invariant sets. We mainly follow the steps in [3] . The rational integral (1) is well-defined and convergent if P (x) = x 3 + ax 2 + bx + 1 has not real positive roots. To study the number of real roots of P when a and b vary, we consider
where ∆ x is the discriminant. The curve R(a, b) = 0 is known as the resolvent one, and after removing the point (−1, −1) it is invariant by G because
The curve has two connected components L 1 i L 2 (see Figure 1 (a) ). Note that the fixed point The resolvent curve defines three open unbounded sets C 1 , C 2 and C 3 depicted in Figure 1 (a).
By studying the sign of the discriminant of P , and by using the Descartes rule of signs, it is straightforward to obtain that on L 1 ∪ C 2 ∪ C 3 , all the real roots of P (x) are negative, so the integral (1) is convergent; and on C 1 ∪ L 2 there exists at least one positive real root, so the integral diverges.
In [3] , the authors proved that G has only three fixed points, namely P i for i = 1, 2, 3, which are described in Theorem 1 and given in Equation (8) . One of them, the point P 1 = (3, 3), is a super-attracting one, i.e. both eigenvalues of the jacobian matrix are 0. Their main result states that the basin of attraction of the fixed point P 1 for the map G, is the region of the (a, b)-plane where the integral (1) converge. As a consequence, the basin of attraction of
On the other hand, the connected component L 2 := L 2 \ {(−1, −1)} is positively invariant (as we will see, there are points on C 1 which are mapped into L 2 ). On L 2 there is one fixed point, P 2 , which is a saddle. In Proposition 8 we prove that any orbit with initial condition on L 2 converges to P 2 .
In summary, the dynamics of G on the invariant sets A := L 1 ∪ C 2 ∪ C 3 and L 2 is known and simple. However, there is a poor knowledge of the dynamics of G in the set B := C 1 \ F, where
, is the forbidden set of G.
In [ Of course one has to exclude from this conjecture the third fixed point P 3 which is in the set C 1 , and the points in the forbidden set F. In Theorem 1, we prove the existence of 3-periodic points in C 1 , result that disproves the conjecture. In fact it is not difficult to find numerically these orbits as well as other periodic points, however to prove the existence of 3-periodic points is far from being trivial, and it is the main objective of this paper.
In Section 5 we present an analytic-numeric study that evidences the existence of points in the unstable manifold of P 2 which belongs to its stable set, i.e. homoclinic points. In the case of diffeomorphisms, by the Smale-Birkhoff homoclinic theorem, the existence of such points implies the existence of a hyperbolic invariant set on which the dynamics is equivalent to a subshift of finite type, see [7] . Similar results are developed in [5, 6] in the non-invertible setting. We also
give evidences of the existence of points in the unstable manifold that also belong to the forbidden set F.
Proof of Theorem 1
In this section we prove Theorem 1. We split the proof in two subsections. The first one dedicated to the fixed and 2-periodic points, and the second one to study the 3-periodic points.
Fixed and 2-periodic points
Proof of statements (a) and (b). (a) Following [3] we consider the equations given by G(a, b) = (a, b), and we introduce the auxiliary variable m 3 = a + b + 2, obtaining
Isolating a and b from the first and third equations, and substituting the obtained expressions in the second one we get:
The only real roots of the above equation are
where A = 172 + 12 √ 177 and B = 188 + 12 √ 249. From these values and (5) we obtain
A straightforward computation of the differential matrix at these points give that the points are, respectively, a super-attractor (null eigenvalues), an oscillatory saddle, and an unstable focus.
Moreover P 2 is in L 2 and P 3 is in C 1 . 
Solving
By substituting the above result in d 3 and d 5 we reach the following system, which plays the role of system (2) in our methodology:
Now we consider the polynomial
where P is a polynomial of degree 56, without real roots. This is proved by using the Sturm's method and can also be done, for instance, by using the command realroot of the computer algebra system Maple. Similarly,
. As a consequence of the symmetry we get that d 10 (n) = −d 9 (n) and system {d 9 (m) = 0, d 9 (n) = 0} plays the role of system (3) in our methodology. Hence, the only non-zero reals roots of d 9 are −1, 2, m 1 and m 2 , where these values correspond to the ones associated with the fixed points, because the two degree 3 factors coincide with the ones given in (6).
Hence the 2-periodic points are included in the set with 16 elements {−1, 2, m 1 , m 2 } 2 . In this particular case, because the real solutions of the uncoupled system are explicit, in Steps 3 and 4 of our approach we have not boxes but points, and the problem is much easier. It is not difficult to check that in this set of points the only solutions of (9) 
Proof of Theorem 1 (c): 3-periodic points
We need some preliminary results. Proceeding as in the previous cases we look for a, b, c, d, e,
We introduce the auxiliary variables m, n and r, such that m 3 = a + b + 2, n 3 = c + d + 2 and r 3 = e + f + 2. Using this notation we get 4 + ef + 5e + 5f + 9 = 0, d 9 := −br 2 + e + f + 6 = 0.
First we solve the system {d 1 = 0,
Substituting this result in the expressions d 4 , d 6 , and d 8 , we obtain the equations 
From the equations (10), if (m, n, r) is a real solution of (11) Finally, we introduce the polynomial
This polynomial has degree 371, and using once more Sturm's method we get that it has exactly 16 different real non-zero roots.
Lemma 5. Let I i , with i = 1, . . . , 16, be disjoint intervals, each one of them containing a unique real root of d 17 . Then, any real solution (m, n, r) of system (11) is contained in one of the 16 3 sets
Proof. Let (m 0 , n 0 , r 0 ) be a real solution of (11) . We want to show that it is also a solution of
Observe that by construction, n 0 must be a root of d 15 .
From Lemma 4, we have that (m 0 , n 0 ) must be also a zero of d 13 and d 14 . Hence n 0 must be also a zero of d 16 , and therefore of gcd (d 15 (n), d 16 (n)) which is a polynomial of degree 1087 with the factor n 716 . Since we are interested in its non-zero roots, we remove this factor, obtaining that n 0 must be a root of d 17 . By using an analogous argument and Lemma 4 again, we can see that m 0 and r 0 are also roots of d 17 .
Since d 17 has 16 different real roots, any solution (m, n, r) of system (11) must be contained in a box of the form (13) , and each box contains at most one solution.
Now we can prove statement (c) of Theorem 1. We follow the steps explained in Section 2:
Step 1: Recall that d 17 has 16 non-zero real roots. Two of them are n = −1, n = 2. Although two more explicit roots are n i = m i , i = 1, 2 given in (7), we prefer to take 14 intervals with rational ends and length smaller than 10 −20 , I i , i = 1, 2, . . . , 14, each one of them containing a unique root.
We consider: We also introduce the degenerate intervals I 15 = [−1, 1] and I 16 = [2, 2] containing the exact roots n = −1 and n = 2. By Lemma 5, all the real solutions of system (11) are contained in one of the 16 3 boxes (13), where we also call boxes the ones with some degenerate interval. Recall that if a box I i,j,k contains a solution of system (11) , then this solution is unique.
Step 2: We apply the discard procedure to d 10 and the 4096 boxes of the form (13) given by the intervals computed before. In Lemma 2 we use the value ξ = 30 and consider the polynomial P (m, n, r) = d 10 (m − ξ, n − ξ, r − ξ), which has 224 monomials. The procedure implemented in Maple v.17 took 5.61s of real time in an Intel i7-3770-3.4GHz CPU to discard 4080 boxes. The code is given in [9, Chap. 5] . In short, we obtain that each solution of system (11) must be contained in one of the following 16 non-discarded boxes Observe that the degenerated box I 16,16,15 , which corresponds with (m, n, r) = (2, 2, −1), must also be discarded because d 10 (2, 2, −1) = 0, but d 11 (2, 2, −1) = 2304.
Step 3: Following similar arguments that in the proof of statement (b) we can discard boxes I 16,16,16 , I 14,14,14 and I 9,9,9 because they correspond to the fixed points P 1 , P 2 and P 3 , respectively.
Step 4: We have obtained 12 non-discarded boxes that, from Lemma 4, if they correspond to periodic points of minimum period 3, they would contain the parameters (m, n, r) corresponding to the periodic points according to the following groupings: 
We will prove that the above 12 boxes indeed contain a solution of system (11), which will be unique as reasoned above. To do this, we will apply the Poincaré-Miranda theorem (Theorem 3).
Again by Lemma 4 we only need to prove that there is a solution of the system (11) in the boxes: So in order to rectify the level 0 surfaces of the components of f , we consider the new function g(m, n, r) = (g 1 (m, n, r), g 2 (m, n, r), g 3 (m, n, r)) := (Df ( p))
We omit here the expressions of (Df ( p)) −1 and g since they involve huge rational numbers with numerators and denominators with hundreds of digits. Notice that since det (Df ( p)) = 0 the point (m 0 , n 0 , r 0 ) is a zero of g if and only if it is a zero of f .
Observe that g(m, n, r) = g( p) + (m − m, n − n, r − r) + O(||(m − m, n − n, r − r)|| 2 ). Since
0, near p it holds that g(m, n, r) (m − m, n − n, r − r) and so, a small enough box centered at p should be under the hypotheses of Poincaré-Miranda theorem, see Figure 2 . Now we will check that, indeed, this is the situation for the function g in the box I 1,5,11 .
In order to prove that the components of the function g have no roots, and alternate signs at the faces of I 1,5,11 we will apply repeatedly the following technical result, that is a simplified version adapted to our interests of a result given in [4] : (i) There exists α 0 ∈ Λ such that G α 0 (x) has no real roots in J.
(
Then for all α ∈ Λ, G α (x) has no real roots in J.
We will prove that the first component of g has no roots, and alternates signs at the faces m = m and m = m of the box I 1,5,11 . Consider the function G n (r) = g 1 (m, n, r) · g 1 (m, n, r). We will prove that G n (r) < 0 for all (n, r) ∈ I 5 × I 11 using Lemma 6 with Λ = I 5 and J = I 11 .
By the Sturm's method it can be seen that the polynomial G n (r) has only 6 different real roots and that none of them is in the interval I 11 . Hence the hypothesis (i) is satisfied. Moreover G n (r) restricted to I 11 is negative.
Proceeding in an analogous way, we obtain that G n (r) · G n (r) has only 4 different real roots and none of them belongs to I 5 . Hence G n (r) · G n (r) = 0 for all n ∈ I 5 . We also check that the discriminant ∆ r (G n (r)), which is a polynomial of degree 192 in n, has 37 different real roots.
Again, we prove that they are not in I 5 and so, we are under the hypothesis (ii) of Lemma 6.
Hence by this lemma we get that G n (r) < 0 for all (n, r) ∈ I 5 × I 11 , as we wanted to prove.
Doing similar arguments and computations, we obtain that the second and third component of g do not vanish, and alternate signs on the faces n = n and n = n, and r = r and r = r of 
Analytic location of the 3-periodic points
In this section we use that the parameters m, n and r associated to each periodic point are located in the 12 boxes given in (14) , to obtain an analytic location of them in the (a, b)-plane. Applying Lemma 7 to each of the 12 boxes (14), we obtain rational bounds for the components of each periodic point of minimal period 3, that are summarized in the following tables, where only the decimal expression of some significative digits is given. In all the cases the maximum length of the interval localizing the 3-periodic points is smaller than 10 −17 , so the given expression of both ends of the intervals coincide. 5 Dynamics associated to the saddle point P 2
In this section we study the invariant sets of the saddle point P 2 . First, Proposition 8 characterizes the stable set of P 2 . We will also give numerical evidences of the existence of homoclinic orbits, that is, initial conditions on the local unstable manifold, whose orbit converges to P 2 . Finally, we will provide numerical evidences of the existence of points on the local unstable manifold, whose orbits end in the non-definition set.
The stable set of P 2
We denote the stable set of the fixed point
This set is not necessarily a manifold. For hyperbolic points, like P 2 there is also the so called
, that is an actual manifold and is only defined in a small neighborhood of the fixed point. Our first result characterizes totally the stable set of P 2 and its local stable manifold.
Proposition 8. It holds that
where
Proof. Observe that Equation (4) implies that the only initial conditions mapped by G to the resolvent curve are the points of the straight line R 1 , except (−1, −1). Hence, to prove the proposition it suffices to show that
. Let us prove this inclusion.
Recall that L 2 ⊂ {R(a, b) = 0}. The resolvent curve R(a, b) = 0 is algebraic and has genus 0, so it admits rational parametrizations. For instance, if we define P (t) = (P 1 (t), P 2 (t)) = it holds that R(P 1 (t), P 2 (t)) ≡ 0. This parametrization has been already was also used in [3, Thms 3 and 4]. The component L 2 corresponds with t ∈ (−∞, 0), and L 1 with t ∈ (0, ∞). Some
. Hence, to study the dynamics of G on the component L 2 we need to study the one-dimensional map
, for t ∈ I := (−∞ Our objective is to prove that this fixed point is a global attractor of g(t) in I.
First we summarize some features of g(t) in I that we will need (see Indeed, by the monotonicity of g in ( , −2) we have that g(( , −2)) = (−∞, m). Since for all t ∈ (−∞, m), we have g(t) < −4 < , then g(t) / ∈ ( , −2), hence g(t) ∈ (−∞, ). We only need, therefore to prove the claim in t ∈ (−∞, m). We proceed by contradiction. Consider t 0 ∈ (−∞, m) and suppose that none iterate t n ∈ [m, ], so that for all n > 0 we have t n ∈ (−∞, m). From (iv), the sequence {t n } is increasing, and as we are assuming that it is bounded from above by m, the sequence must have a limit that, by continuity, must be a fixed point, which is a contradiction 
Observe that since g is strictly decreasing in [m, ], for k ≥ 1 we obtain
We will prove that {m k } and { k } are increasing and decreasing sequences, respectively, that converge to the fixed point p, thus proving the result. 
Therefore, the sequences {m k } and { k } are monotonous increasing and decreasing, respectively. Since both sequences are bounded, and using the expressions in (15), we have that both converge to a fixed point of g 2 . But since there are not 2-periodic points, except the fixed point p, we have lim
Local expression of the unstable manifold
In order to search numerically the homoclinic points associated to P 2 , we compute an approximation of the local unstable manifold of the saddle point P 2 = (a 2 , b 2 ). We consider the change u = a − a 2 and v = b − b 2 , which brings P 2 to the origin (0, 0). We also consider the map
which is conjugate with G, and the linear map given by
where L is the matrix formed by the eigenvectors of DG(P 2 ). Hence
where λ 1 and λ 2 are the eigenvalues of DG(P 2 ), given by We compute the Taylor development of the unstable manifold associated to the origin of the These coefficients have been computed using the formulas in Lemma 9 of the Appendix, by using floating-point arithmetic with 60 digits in the mantissa. Observe that we can parametrize W u loc (P 2 ) using the function s = w(r), by considering r −→ H(r, w(r)) + P 2 , for r 0.
We use this parametrization to obtain Figures 4 and 5.
Finally, from the expression of the local unstable manifold of the origin for the map F , we obtain that the points (a, b) ∈ W u loc (P 2 ) satisfy w(H −1
that can be approximated by
where D 1 (a, b) is a polynomial of degree 5 that we do not explicite for the sake of shortness, see [9, Chap. 5] for more details.
Computation of the homoclinic point
Previous to find a homoclinic point we remember that, by Proposition 8, any point (a, b) such that
In this sense, we have graphically observed that, except for the point P 2 , there is no intersection of W u loc (P 2 ) with the curve L 2 . Also we have observed neither intersections of W u loc (P 2 ) with R 1 = {a − b = 0} at the region C 1 , nor points (a, b) ∈ W u loc (P 2 ) such that G(a, b) ∈ R 1 ∪ C 1 , but we have seen the existence of at least one point such that
Imposing G 1 (a, b) − G 2 (a, b) = 0, we find that the points (a, b) such that G(a, b) ∈ R 1 satisfy:
Hence, the points such that G 2 (a, b) ∈ R 1 are those satisfying D 2 (G(a, b)) = 0, or equivalently By using the parametrization of W u loc (P 2 ) given by (16), we find that the point P corresponds with the parameter r −1.48202152087749433523.
By construction, G 3 (P ) which must lie on L 2 . A computation shows that the absolute error when we evaluate R(a, b) on this point, is R G 3 (p) 10 −58 . Accordingly, the point P exhibits, numerically, a homoclinic behavior.
As can be seen in The pointP corresponds to the parameter value r −3.14702449177907104545. Figure 4 . Location of the points P, G 2 (P ) and G 3 (P ) on W u loc (P 2 ) (brown), the curve D 3 (a, b) = 0 (green), the diagonal R 1 (blue) and the resolvent curve (red), respectively.
The point G(P ) is outside the image.
Computation of points in
To find a point in W u loc (P 2 ) ∩ F, we solve numerically the system {D 1 (a, b) = 0, a + b + 2 = 0} , obtaining the point Q = (q 1 , q 2 ), where q1 −6.15163017029193114270539883292276699558057876233980350720282, q2 = −2 − q1, This point corresponds with the parameter r −1.96025815386161687597.
To find another point with a parameter value closer to zero (hence giving a better evidence of really being in W u loc (P 2 )), we find a point Q −1 such that G(Q −1 ) = Q. The points (a, b) such that G(a, b) ∈ {a + b + 2 = 0}, verify The point Q −1 has an associated parameter value r −0.23505956788542861108. The location of the above points is shown in Figure 5 .
Observe that the parameters of the points Q, P and Q −1 are interspersed, so the points are also interspersed in W u loc (P 2 ). An analytic proof of this fact would show that arbitrarily near of P 2 there are homoclinic points and points in F. Proof. Due to the particular form of the linear part of F , the local unstable manifold W u loc (0, 0) is given by a smooth function of the form y = w(x) = w 2 x 2 + w 3 x 3 + w 4 x 4 + w 5 x 5 + O(x 6 ), that is, a point is on the local stable manifold if it is of the form (x, w(x)). Imposing that F (x, w(x)) = (F 1 (x, w(x)), F 2 (x, w(x))) is also on this curve we get that the points on the local unstable manifold must satisfy F 2 (x, w(x)) = w F 1 (x, w(x)) . The result follows by comparing the terms in the Taylor development of both members of the last equation.
